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a b s t r a c t
In this paper, we study the boundedness, the invariant intervals,the periodic character
and the global asymptotic stability of all positive solutions of the higher order nonlinear
difference equation
yn+1 = p+ qyn−k1+ yn−k + ryn−k−1 , n = 0, 1, . . . ,
where the parameters p, q, r ∈ (0,∞), k ∈ {0, 1, 2, . . .}, and the initial conditions
y−k−1, y−k, . . . y0 ∈ [0,∞). We show that the unique positive equilibrium of the above
equation is globally asymptotically stable under certain conditions.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction and preliminaries
Our aim in this paper is to investigate the dynamical behavior of the following difference equation
yn+1 = p+ qyn−k1+ yn−k + ryn−k−1 , n = 0, 1, . . . , (1.1)
where the parameters p, q, r ∈ (0,∞), k ∈ {0, 1, 2, . . .}, and the initial conditions y−k−1, y−k, . . . , y0 ∈ [0,∞).
When k = 0, Eq. (1.1) reduces to
yn+1 = p+ qyn1+ yn + ryn−1 , n = 0, 1, . . . , (1.2)
which was investigated by Su and Li [1], and they obtained the following result.
Theorem 1.1. Assume that p, q, r, x−1, x0 ∈ (0,∞). Then the unique positive equilibrium x¯ of Eq. (1.2) is globally asymptotically
stable.
In 2002, Kulenovic and Ladas [2, p. 166] suggested the following open problem:
Open Problem: Assume that
p, q ∈ [0,∞) and k ∈ {2, 3, . . .}.
Investigate the global behavior of all positive solutions of the difference equation
yn+1 = p+ qyn−k1+ yn + ryn−k , n = 0, 1, . . . .
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Motivated by the open problem, in this paper we investigate the boundedness, the invariant intervals, the periodic
character and the global asymptotic stability of all positive solutions of Eq. (1.1).
For other related results, refer [3–10].
In the following, we give some results which will be useful in the sequel.
Theorem 1.2 ([2]). Consider the difference equation
yn+1 = f ( yn−k, yn−k−1) n = 0, 1, 2, . . . (1.3)
where k ∈ {0, 1, 2, . . .}. Let [a, b] be an interval of real numbers and assume that
f : [a, b] × [a, b] → [a, b]
is a continuous function satisfying the following properties:
(a) f (x, y) is increasing in x ∈ [a, b] for each y ∈ [a, b], and is decreasing in y ∈ [a, b] for each x ∈ [a, b];
(b) If (m,M) ∈ [a, b] × [a, b] is the solution of the system
f (m,M) = m and f (M,m) = M,
then m = M.
Then Eq. (1.3) has a unique equilibrium y ∈ [a, b] and every solution of Eq. (1.3) converges to y.
Theorem 1.3 ([2]). Let [a, b] be an interval of real numbers and assume that
f : [a, b] × [a, b] −→ [a, b]
is a continuous function satisfying the following properties:
(a) f (x, y) is decreasing in each of its arguments;
(b) If (m,M) ∈ [a, b] × [a, b] is the solution of the system
f (m,m) = M and f (M,M) = m,
then m = M.
Then Eq. (1.3) has a unique equilibrium y ∈ [a, b] and every solution of Eq. (1.3) converges to y.
Theorem 1.4 ([11]). Assume that a, b ∈ R and k ∈ {0, 1, 2, . . .}. Then
|a| + |b| < 1
is a sufficient condition for the asymptotic stability of the linear difference equation
xn+1 − axn−k + bxn−k−1 = 0, n = 0, 1, 2, . . . . (1.4)
2. Some lemmas
In this section, we present some lemmas which will be useful in the sequel.
The equilibria of Eq. (1.1) are the solution of the equation
y¯ = p+ qy¯
1+ y¯+ ry¯ ,
so
y¯ = q− 1+

(q− 1)2 + 4p(r + 1)
2(r + 1)
is the unique positive equilibrium of Eq. (1.1).
Lemma 2.1. The unique positive equilibrium point of Eq. (1.1) is locally asymptotically stable, when one of the following three
cases holds:
(a) 0 < p ≤ q and 0 < r ≤ 1;
(b) q < p < q(qr + 1), 0 < q ≤ 1 and 0 < r ≤ 1;
(c) q(qr + 1) ≤ p ≤ 2q and 0 < r ≤ 1.
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Proof. Set
f (x, y) = p+ qx
1+ x+ ry ,
a = ∂ f
∂x
(y¯, y¯) = (q− p+ qry¯)y¯
(1+ y¯+ ry¯)(p+ qy¯) ,
b = −∂ f
∂y
( y¯, y¯) = ry¯
1+ y¯+ ry¯ ,
so, the linearized equation is
zn+1 − azn−k + bzn−k−1 = 0.
(1) When p ≤ q and 0 < r ≤ 1,
|a| + |b| = (q− p+ qry¯)y¯
(1+ y¯+ ry¯)(p+ qy¯) +
ry¯
1+ y¯+ ry¯
<
1+ 2ry¯
1+ y¯+ ry¯ ≤ 1.
(2) When q < p ≤ q(qr + 1), 0 < q ≤ 1 and 0 < r ≤ 1,
|a| + |b| = (p− q+ qry¯)y¯
(1+ y¯+ ry¯)(p+ qy¯) +
ry¯
1+ y¯+ ry¯
<
qr + 2ry¯
1+ y¯+ ry¯ ≤ 1.
(3) When q(qr + 1) ≤ p ≤ 2q and 0 < r ≤ 1,
|a| + |b| = (p− q+ qry¯)y¯
(1+ y¯+ ry¯)(p+ qy¯) +
ry¯
1+ y¯+ ry¯
<
p−q
q + 2ry¯
1+ y¯+ ry¯ ≤ 1.
Now the result is a consequence of Theorem 1.4. The proof is complete. 
By straightforward calculation, we have the following lemmas.
Lemma 2.2. Let {yn}∞n=−k−1 be a solution of Eq. (1.1). Then the following identities are true for all n ≥ 0:
yn+1 − q =
qr

p−q
qr − yn−k−1

1+ yn−k + ryn−k−1 , (2.1)
yn+1 − p− qqr =
qr

q− p−qqr

yn−k + qr

yn−k−1 − p−qqr

+ pr(q− yn−k−1)
qr(1+ yn−k + ryn−k−1) , (2.2)
yn+1 − y = (y− q)(y− yn−k)+ yr(y− yn−k−1)1+ yn−k + ryn−k−1 , (2.3)
yn − yn−2k+4 =
qr

yn − p−qqr

yn+1 + ( yn − q)( yn+1yn+k+3 + yn+1 + rynyn+k+3)+ yn + ry2n − p
(1+ yn+k+3)(1+ yn+1 + ryn)+ r(p+ qyn+1) , (2.4)
y− p− q
qr
=
qr

q− p−qqr

y− pr(q− y)
y(1+ r) . (2.5)
Lemma 2.3. Assume p > q(qr + 1) and let {yn}∞n=−k−1 be a solution of Eq. (1.1), then the following statements are true:
(a) if for some N ≥ 0, yN > p−qqr , then yN+k+2 < q;
(b) if for some N ≥ 0, yN = p−qqr , then yN+k+2 = q;
(c) if for some N ≥ 0, yN < p−qqr , then yN+k+2 > q;
(d) if for some N ≥ 0, q < yN < p−qqr , then q < yN+k+2 < p−qqr .
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Lemma 2.4. Assume q < p < q(qr + 1) and let {yn}∞n=−k−1 be a solution of Eq. (1.1), then the following statements are true:
(a) if for some N ≥ 0, yN < p−qqr , then yN+k+2 > q;
(b) if for some N ≥ 0, yN = p−qqr , then yN+k+2 = q;
(c) if for some N ≥ 0, yN > p−qqr , then yN+k+2 < q;
(d) if for some N ≥ 0, p−qqr < yN < q, then p−qqr < yN+k+2 < q.
3. Main results
In this section, we investigate the boundedness, the invariant intervals, the periodic character and the global asymptotic
stability of all positive solutions of Eq. (1.1). We show that the unique positive equilibrium of this equation is globally
asymptotically stable under certain conditions.
Theorem 3.1. Every solution of Eq. (1.1) is bounded from above by positive constants.
Proof. SetM = max{p, q, y−k−1, y−k, . . . , y0}, then
yn+1 = p+ qyn−k1+ yn−k + ryn−k−1 ≤
M +Myn−k
1+ yn−k = M, for n ≥ 0,
so we have
0 ≤ yn ≤ M, for n ≥ −k− 1.
The proof is complete. 
Theorem 3.2. Eq. (1.1) possesses the following invariant intervals:
(a) [0, q], when p ≤ q;
(b) [ p−qqr , q], when q < p < q(qr + 1);
(c) [ qqr+1 , q(qr + 1)], when p = q(qr + 1);
(d) [q, p−qqr ], when p > q(qr + 1),
and the equilibrium point y¯ is the interior point of the above invariant intervals.
Proof. (a) When p ≤ q,
0 < yn+1 = p+ qyn−k1+ yn−k + ryn−k−1 ≤
q+ qyn−k
1+ yn−k = q, for n ≥ 0,
and
0 < y = p+ qy
1+ y+ ry <
q+ qy
1+ y = q.
(b) When q < p < q(qr + 1), it is clear that p−qqr < q. Since the function
f (x, y) = p+ qx
1+ x+ ry
is increasing in x for y ≥ p−qqr , when yn−k, yn−k−1 ∈ [ p−qqr , q], from Eq. (1.1) we have
yn+1 = p+ qyn−k1+ yn−k + ryn−k−1 = f ( yn−k, yn−k−1) ≤ f

q,
p− q
qr

= q.
By using identity (2.2), we see that yn+1 ≥ p−qqr . On the other hand,
y = q− 1+

(q− 1)2 + 4p(r + 1)
2(r + 1) <
q− 1+(q− 1)2 + 4q(qr + 1)(r + 1)
2(r + 1)
= q− 1+
[q(2r + 1)]2 + 2q(2r + 1)+ 1
2(r + 1) = q,
by using identity (2.5), we see that y > p−qqr .
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(c) When p = q(qr + 1), we have
y = q− 1+

(q− 1)2 + 4p(r + 1)
2(r + 1) =
q− 1+(q− 1)2 + 4q(qr + 1)(r + 1)
2(r + 1)
= q− 1+
[q(2r + 1)]2 + 2q(2r + 1)+ 1
2(r + 1) = q.
Set f (x, y) = q(qr+1)+qx1+x+ry , then ∂ f∂x = qr( y−q)(1+x+ry)2 , so f (x, y) is decreasing in x for y ≤ q, or increasing in x for y ≥ q.
We obtain
yn+1 = q(qr + 1)+ qyn−k1+ yn−k + ryn−k−1 < q(qr + 1),
yn+1 = q(qr + 1)+ qyn−k1+ yn−k + ryn−k−1 >
q(qr + 1)+ qyn−k
1+ yn−k + rq(qr + 1) >
q(qr + 1)
1+ rq(qr + 1) >
1
qr + 1 ,
and
1
qr + 1 < y < q(qr + 1).
(d) When p > q(qr + 1), it is clear that p−qqr > q. Since the function
f (x, y) = p+ qx
1+ x+ ry
is decreasing in x for y ≤ p−qqr , from Eq. (1.1), when yn−k, yn−k−1 ∈ [q, p−qqr ], we have
yn+1 = p+ qyn−k1+ yn−k + ryn−k−1 = f ( yn−k, yn−k−1) ≥ f

p− q
qr
,
p− q
qr

= q.
By using identity (2.2), we also have yn+1 ≤ p−qqr . Furthermore,
y = q− 1+

(q− 1)2 + 4p(r + 1)
2(r + 1) >
q− 1+(q− 1)2 + 4q(qr + 1)(r + 1)
2(r + 1)
= q− 1+
[q(2r + 1)]2 + 2q(2r + 1)+ 1
2(r + 1) = q,
by using identity (2.5), we get that y < p−qqr .
The proof is complete. 
Theorem 3.3. Let I denote the interval which is defined as follows
I =

[0, q] if p ≤ q;
p− q
qr
, q

if q < p < q(qr + 1);
q
qr + 1 , q(qr + 1)

if p = q(qr + 1);
q,
p− q
qr

if p > q(qr + 1).
Then every solution of Eq. (1.1) lies eventually in I.
Proof. The proof is similar to that of Lemma 9.2.5 in [2]. So we omit it. 
Theorem 3.4. (a) Assume k ≥ 0 is an integer, and one of the following conditions holds:
(i) q(qr + 1) ≤ p ≤ 2q and 0 < r ≤ 1;
(ii) q < p < q(qr + 1), 0 < q ≤ 1 and 0 < r ≤ 1;
(iii) p ≤ q and 0 < r ≤ 1.
Then the equilibrium y¯ of Eq. (1.1) is globally asymptotically stable.
(b) If k is an odd integer and r > 1, q > 1, p < q(qr+1), (r−1)(q−1)2 > 4p, then Eq. (1.1) has a prime period-two solution.
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Proof. (a) By applying Lemma 2.1, y¯ is an asymptotically stable solution of Eq. (1.1). To complete the proof it remains to
show that y¯ is a global attractor of all positive solutions of Eq. (1.1). We consider the following four cases.
(i) If q(qr + 1) < p ≤ 2q, and 0 < r ≤ 1, the function f (x, y) = p+qx1+x+ry is decreasing in each of its arguments in interval
[q, p−qqr ], by the system
m = p+ qM
1+M + rM and M =
p+ qm
1+m+ rm ,
we conclude that (M −m) = q(m−M), under the assumption q > 0, we see thatM = m.
The proof follows from Theorem 1.3.
(ii) If p = q(qr + 1), and 0 < r ≤ 1, by identities (2.1) and (2.4), we obtain that
yn+k+2 − q = qr(q− yn)1+ yn+1 + yn ;
yn − yn+2k+4 = ( yn − q)(qryn+1 + yn+1yn+k+3 + yn+1 + rynyn+k+3)+ yn + ry
2
n − p
(1+ yn+k+3)(1+ yn+1 + ryn)+ r(p+ qyn+1) .
Also observe that if yn ≥ q, then yn + ry2n − p ≥ 0, and if yn ≤ q, then yn + ry2n − p ≤ 0.
Hence, if yn = q, then yn+i(2k+4)−k−2 = q, yn+i(2k+4) = q.
If yn < q, we have
yn+i(2k+4) < yn+(i+1)(2k+4) < q, i = 0, 1, 2, . . . ; (3.1)
If yn > q, we have
yn+i(2k+4) > yn+(i+1)(2k+4) > q, i = 0, 1, 2, . . . . (3.2)
Thus subsequence {yn+i(2k+4)}∞i=0 is convergent for every n.
Let
lim
i→∞ yi(2k+4) = λ0, limi→∞ yi(2k+4)+1 = λ1, . . . , limi→∞ yi(2k+4)+2k+3 = λ2k+3,
then
λ0, λ1, . . . , λ2k+3, λ0, λ1, . . . , λ2k+3, . . .
is a solution of Eq. (1.1) with period 2k+ 4. We claim that
λ0 = λ1 = · · · = λ2k+3 = q,
otherwise we assume that
λi > q or λi < q,
which contradicts Eqs. (3.1) and (3.2).
Hence
lim
n→∞ yn = q.
(iii) If q < p < q(qr + 1), 0 < q ≤ 1 and 0 < r ≤ 1, let
f (x, y) = p+ qx
1+ x+ ry ,
then in the interval [ p−qqr , q], f (x, y) is increasing in x and decreasing in y, by system
m = p+mq
1+m+ rM , M =
p+ qM
1+M + rm .
We conclude that
(M −m)(1− q+M +m) = 0.
Now ifM + n ≠ q− 1, thenM = m; ifM +m = q− 1, thenMm = pr−1 . This contradicts that r ≤ 1, so
m = M.
The proof follows from Theorem 1.2.
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(b) If k is an odd integer and q < p < q(qr + 1), r > 1, q > 1, (r − 1)(q− 1)2 > 4p, let
f (x, y) = p+ qx
1+ x+ ry ,
then in the interval [ p−qqr , q], f (x, y) is increasing in x and decreasing in y, by system
m = p+m
1+m+ rM , M =
p+ qM
1+M + rm .
We conclude that
(M −m)(1− q+M +m) = 0.
Now setM +m = q− 1, thenMm = pr−1 . Hence,M,m is two positive roots of the following quadratic equation:
t2 + (1− q)t + p
r − 1 = 0.
Clearly,
m,M,m,M,m, . . .
or
M,m,M,m,M, . . .
is a prime period-two solution of Eq. (1.1). The proof of the case in which k is an odd integer and p ≤ q, r > 1, q >
1, (r − 1)(q− 1)2 > 4p is similar and will be omitted. The proof is complete. 
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